In this Letter we study the validity of the eigenstate thermalization hypothesis (ETH) and its role for the occurrence of initial-state independent (ISI) equilibration in closed quantum many-body systems. Using the concept of dynamical typicality, we present an extensive numerical analysis of energy exchange in integrable and nonintegrable spin-1/2 systems of large size outside the range of exact diagonalization. In case of nonintegrable systems, our finite-size scaling shows that the ETH becomes valid in the thermodynamic limit and can serve as the underlying mechanism for ISI equilibration. In case of integrable systems, however, we observe ISI equilibration despite the violation of the ETH. We establish a connection between this observation and the need of choosing a proper parameter within the ETH.
In this Letter we study the validity of the eigenstate thermalization hypothesis (ETH) and its role for the occurrence of initial-state independent (ISI) equilibration in closed quantum many-body systems. Using the concept of dynamical typicality, we present an extensive numerical analysis of energy exchange in integrable and nonintegrable spin-1/2 systems of large size outside the range of exact diagonalization. In case of nonintegrable systems, our finite-size scaling shows that the ETH becomes valid in the thermodynamic limit and can serve as the underlying mechanism for ISI equilibration. In case of integrable systems, however, we observe ISI equilibration despite the violation of the ETH. We establish a connection between this observation and the need of choosing a proper parameter within the ETH. Introduction. Due to experiments in ultracold atomic gases [1] [2] [3] [4] [5] , the question of thermalization in closed quantum systems has experienced an upsurge of interest in recent years. It is, however, a paradigm of standard thermodynamical processes that the final equilibrium state is generally independent of the details of the initial state. But this general initial-state independence (ISI) is challenging to proof from an underlying theory such as quantum mechanics. While for local density matrices of subsystems the issue of necessary and sufficient conditions for ISI is subtle [6, 7] , for expectation values of observables a widely accepted sufficient condition for ISI is the validity of the eigenstate thermalization hypothesis (ETH) [8] [9] [10] . It claims that the expectation values of a given observable A should be similar for energy eigenstates |n if the energy eigenvalues E n are close to each other, i.e., n|A|n ≈ n ′ |A|n ′ if E n ≈ E n ′ . The relation to ISI equilibration can be seen from considering the dynamics
with A mn = m|A|n and averaging over sufficiently long times. Given that there are no degeneracies [11] , this averaging yieldsā
If, as the ETH claims, all A nn from an energy region around E are similar, i.e., A nn ≈ A(E), then obviouslȳ a ≈ A(E) regardless of the initial state ρ(0), as long as it is also restricted to the same energy region. Hence, if various a(t) from an energy shell equilibrate at all (for conditions on that see Refs. [7, 11] ), they must do so at the same value A(E), i.e., ISI applies. Much less clear is whether or not the validity of the ETH is also a physically necessary condition for ISI in the sense that no relevant set of states can exhibit ISI without the ETH being fulfilled. (It is surely necessary if one requires that all states exhibit ISI.) Equation (2) allows for mathematically constructing different initial states with the sameā even in cases where the ETH does not apply (see, e.g., Refs. [12, 13] ). Thus, the ETH may not be a physically necessary condition. However, the ETH has numerically been found to be fulfilled for a variety of systems and observables, and it is commonly expected that the ETH applies to few-body observables in nonintegrable quantum systems [8, 9, 14, 15] . But this expectation is still lacking a rigorous proof. Therefore, the crucial question is: Is the ETH the "force that drives" physical equilibration?
In our Letter, we consider this question by two different numerical approaches: i) We study the ETH concerning energy exchange for a variety of coupled subsystems. From the second law, ISI equilibration is strongly expected for each setting. ii) We investigate equilibration dynamics in systems for which the ETH is clearly violated. In both approaches, we apply the concept of dynamical typicality [16] [17] [18] [19] [20] and provide a careful finitesize scaling since, for any finite system, the ETH is never strictly fulfilled (i.e., A nn = A(E) except for trivial cases) [19, [21] [22] [23] . Our study in i) unveils that the ETH is ful- Fig. 1 (a) with anisotropy ∆ = 0.3 and system size NL = 8. For the "average eigenstate", the distribution of energy onto the subsystems is proportional to their sizes. filled for energy exchange in nonintegrable systems and particularly approaches the thermodynamic limit according to a power-law dependence on the effective Hilbertspace dimension. Our investigations in ii) are different from other approaches based on quantum quenches [14, [24] [25] [26] [27] [28] or a period of time-dependent driving [29] . Still, we use initial pure state. But we prepare initial states with the property that the observable of interest deviates largely from its equilibrated value, while these states are still restricted to an energy shell. We consider this subclass of all possible initial states to be generic for equilibration experiments. As a main result, we observe ISI relaxation of energy exchange in an integrable system where the ETH clearly breaks down. In this way, we unveil the need of choosing a proper ETH-violation parameter.
Method, models, and observable. Convenient parameters to quantify the ETH w.r.t. a given Hamiltonian H and observable A arē
where A nn are diagonal matrix elements w.r.t. the Hamiltonian eigenstates |n with eigenvalues E n , p n ∝ e
2 is a probability distribution centered at E, and d is the Hilbert-space dimension. The quantities A(Ē, σ) and Σ(Ē, σ) are obviously functions ofĒ and an energy width σ. Routinely, the ETH is said to be fulfilled if Σ is small. However, whenever σ is finite, Σ can only be zero for vanishing slopes ofĀ, i.e., ∂Ā/∂Ē = 0. Therefore, for finite σ, the ETH is fulfilled if Σ → ∂Ā/∂Ē σ in the limit of large system sizes [19] .
A crucial point in this Letter is of course finite-size scaling. To render this scaling as convincing as possible, one needs data on systems as large as possible. Usually, checking the ETH requires exact diagonalization [22, 23] that is limited to rather small system sizes. Thus, we employ a recently suggested method [19] that is based on dynamical typicality and allows for the extraction of information on the ETH from the temporal propagation of pure states. This propagation can be performed by iterative algorithms such as Runge-Kutta [18] [19] [20] , Chebyshev [30, 31] , etc. and is feasible for larger system sizes. We use a fourth-order Runge-Kutta iterator with a sufficiently small time step. Due to typicality-related reasons, the so-computed quantitiesĀ and Σ are subject to statistical errors. These errors, however, turn out to be smaller than the symbol sizes used in this Letter [20] .
We study systems consisting of two weakly coupled XXZ spin-1/2 chains (except for one example discussed below). The Hamiltonian of the chains has open boundary conditions and is given by
where j = L, R labels the "left" and "right" chain. N L , N R are the respective numbers of spins in the chains, see Figs. 1 (a)-(c). J = 1 is the antiferromagnetic exchange coupling constant and ∆ is the exchange anisotropy. h i,j are spatially random magnetic fields in z direction that are drawn at random according to a uniform distribution between −W/2 and W/2. This way of introducing disorder is similar to the random on-site potential of the Anderson model, widely investigated in the context of many-body localization [32] .
To allow for energy exchange, we add a coupling term H C between the two chains: H = H L + H R + H C . This term has a very similar form and reads
where J C is the coupling strength. For c i = 1, the total Hamiltonian H represents a nonintegrable structure of ladder type while, for c i = δ(i, 1), H reduces to a single chain. This chain is integrable for J = J C and W = 0 only. We also consider the intermediate case with c i = δ(i, 1) + δ(i, N L ) and a two-dimensional situation with c i = 1: In this situation the chains in Eq. (4) are replaced by N j × N j lattices with interactions between all nearest neighbors and the coupling in Eq. (5) is replaced by an interaction at the contact of the lattices, as illustrated in Fig. 1 (d) .
The observable A we are going to investigate for accord with the ETH is the energy difference. A is represented by the operator D = H L − H R . For any left-right symmetric model and observable, the ETH is necessarily fulfilled. Thus, to avoid this trivial case, we choose right chains to consist of twice as much spins as the left chains throughout this Letter, see Figs. 1 (a)-(c) . In the twodimensional situation we choose the right-lattice side to have one spin more than the left-lattice side.
Results on nonintegrable systems. First, we consider D(Ē), i.e., the mean energy difference for the energy eigenstates in a small energy interval centered atĒ. We control the smallness of this energy interval by choosing σ = 0.6. (This choice is kept for the remainder of this Letter.) Results on the model in Fig. 1 (a) are displayed in Fig. 2 for various coupling strengths J C at fixed anisotropy ∆ = 0.3 and system size N L = 8.
To gain insight into the results in Fig. 2 , let us consider the following analog to the standard equipartition theorem: Assume that every term in the Hamiltonian ("bond") contains for energy eigenstates an amount of energy proportional to its strength. For weak coupling, the energies corresponding to terms of H C can be neglected. Then one expects a left/right-chain partition of energy as (N L − 1)/(N R − 1) = 7/15, yielding an energy
This expectation is indicated by the solid line in Fig. 2 . Clearly, the equipartition assumption is well justified for a wide range of interactions strengths J C ≤ 0.6. We find this principle to hold for each model addressed in this Letter, even though not shown explicitly here. This finding is a first main result, although not at the center of the investigation in this Letter.
Next we turn to the ETH. To limit computational effort, we focus on the energy regime aroundĒ = 0, however, we have found similar results for other points in energy space. For the E = 0 regime we compute both,
2 } and Σ ′ = Σ − ∂D/∂Ē σ. d eff has the meaning of the number of eigenstates that constitute the "relevant" energy shell. Σ ′ is the quantity that is expected to approach zero if the ETH is fulfilled. (We get ∂D/∂Ē σ = 0.21 throughout this Letter.) For all models studied, we show in Fig. 3 In Figs. 3 (a) -(c) we summarize our results on Σ ′ for the model in Fig. 1 (a) : In Fig. 3 (a) we vary the coupling strength J C at fixed anisotropy ∆ = 0.3; In Fig. 3  (b) we vary the anisotropy ∆ at fixed coupling strength J C = 0.3; and in Fig. 3 (c) we study cases of weak and intermediate amount of disorder for ∆ = 0.6 and J C = 0.3. In Fig. 3 (d) we show results for the same values ∆ = 0.6 and J C = 0.3 but for W = 0 and the different coupling structure in Fig. 1 (b) and the two-dimensional case in Fig. 1 (d) .
In all cases, Σ ′ apparently scales with d eff as a power law
eff , which is in accord with the findings in Ref. [23] . Consequently, the ETH is fulfilled in the limit of large system sizes. This is our second main result. It indeed indicates that the relaxation of the energy difference between weakly coupled quantum objects may be generically expected for all sorts of initial states. For a random-matrix model, one would expect a power-law scaling with the exponent γ = 0.5. For all nonintegrable cases we studied we find a slightly different exponent. If we call closeness to γ = 0.5 the "amount" of nonintegrability, then the two-dimensional case in Fig. 1 (d) is the most nonintegrable one studied here. For the onedimensional cases, the amount of nonintegrability does not depend crucially on the coupling constant J C in the small J C regime, while the dependence on the anisotropy ∆ is nonmonotonic.
Results on integrable systems. The above findings certainly raise immediately the question of ISI equilibration in integrable models: Is it reasonable to expect the violation of ISI equilibration for two subsystems which are connected to form an integrable system? Comparable investigations found answers in both directions [25, 26, 33] , even for nonintegrable systems [34] . To analyze this question, we study a pure Heisenberg chain, from the point of view depicted in Fig. 1 (b) . As already mentioned, this Heisenberg chain is integrable for J C = 1 and W = 0. For this model, we show in Fig. 4 (circles) Unlike all previous examples, Σ ′ does not decrease as system size increases, which is in accord with the system being integrable. To clarify the impact on relax-ation, we analyze the dynamics of "microcanonical" and "observable-displaced" initial states ρ MOD ,
Obviously, the parameter d(0) controls the degree of observable displacement. The energy is concentrated within a width σ around zero. Since H and D do not commute, we need to find a compromise between energy concentration and observable displacement, done by tuning β. We choose σ = 0.6, β = 0.5, and d(0)± = N L . This state may be viewed as being based on Jayne's principle: It represents the maximum-entropy state under given means and variances for energy and observable. Note that such a MOD state does not necessarily feature a smooth probability distribution w.r.t. energy, as suggested in Ref. [35] to explain ISI. Numerically, ρ MOD is challenging to compute for systems beyond the reach of exact diagonalization. Thus, we prepare the partially random state
where |ϕ is a random state drawn according to the unitary invariant (Haar-) measure. In the context of typicality, e.g, from Ref. [17, 20] , it may be inferred that the dynamics of |φ MOD are similar to those of ρ MOD w.r.t. to the observable, i.e.,
where ǫ is a random variable with zero mean. The standard deviation of ǫ is upper bounded by (Tr{ρ MOD D 4 }/d eff ) 1/2 . Thus, since the density of states is large atĒ = 0, we get ǫ ≈ 0.
Using Runge-Kutta we can prepare these initial states and compute the time evolution of energy-difference expectations d(t) divided by their initial values d(0), i.e., r(t) = d(t)/d(0). In Fig. 5 we depict our results for two system sizes N L = 4 and 8. Remarkably, the scaled differences r(t) are practically independent of the sign of the initial value d(0). While the energy difference r(t) decays, it does not decay all the way to zero. In fact, r(t) fluctuates more (N L = 4) or less (N L = 8) around a nonzero value. Thus, for finite systems, there is indeed no clean ISI equilibration. Since we find the same behavior for the overwhelming majority of all states prepared according to Eq. (7), it is reasonable to claim that the validity of the ETH is imperative for ISI equilibration. However, comparing Figs. 5 (a) and (b) indicates that r(t) decreases at large times as system size increases. (Considering r(t) at large times as a central quantity is also suggested in Ref. [36] .) This indication implies that ISI equilibration may be expected in the limit of large system sizes, regardless of integrability. This is a third main result of our Letter.
The above results naturally lead to the question why larger systems exhibit equilibration that is closer to ISI even though Σ ′ is essentially the same for large and small systems. To clarify this question, let us consider a quantity that takes the "natural" scale of the operator into account, rather than just the bare Σ ′ . Therefore, we define a scaled ETH parameter v as v := (Σ ′ ) 2 /δ 2 , where δ is the variance of the operator spectrum within the respective energy regime, i.e., δ 2 = D 2 −D 2 . The bar in D 2 and D is still defined according to Eq. (3). Obviously, even if Σ ′ does not decrease as system size increases, v may still do so. To find out whether or not it actually does, one has to compute the two quantities D 2 and D. This computation can be done by the same typicality-based method used so far in this Letter. In Fig. 4 (squares) we show the corresponding result. Apparently, v vanishes in the limit of large system sizes even though Σ ′ does not. This observation suggests that v is a reliable predictor of ISI equilibration that can vanish even if systems are integrable or close to integrability.
Conclusion. In this Letter we studied the validity of the ETH and its role for the occurrence of ISI equilibration in closed quantum many-body systems. Using the concept of dynamical typicality, we presented an extensive numerical analysis of energy exchange in integrable and nonintegrable spin-1/2 systems of large size outside the range of exact diagonalization. In case of nonintegrable systems, our finite-size scaling showed that the ETH becomes valid in the thermodynamic limit and can serve as the underlying mechanism for ISI equilibration. In case of integrable systems, however, we observed ISI equilibration despite the violation of the ETH. We established a connection between this observation and the need of choosing a proper parameter within the ETH.
